Abstract. We present a calculus of zero-order parameter-dependent pseudodifferential operators on a closed manifold M that contains both usual parameter-dependent operators-where the parameter enters as an additional covariable -as well as operators independent of the parameter. Parameterellipticity is characterized by the invertibility of three associated principal symbols. In case of ellipticity we can construct a parametrix that is an inverse for large values of the parameter. We then extend this parametrix-construction to operators of Toeplitz type, in particular, to operators of the form P 1 A(τ )P 0 where both P 0 and P 1 are zero-order projections and A(τ ) is a usual parameterdependent operator of arbitrary order or A(τ ) = τ µ − A with a pseudodifferential operator A of positiv order µ ∈ N (in this case P 0 = P 1 ). Decay estimates in the parameter of the inverse can be derived.
Introduction
Over the past decades the theory of parameter-dependent pseudodifferential operators has proved to be an important tool for analyzing the existence and the structure of resolvents of differential or pseudodifferential operators. The general aim is to obtain a nice pseudodifferential structure of the resolvent of an operator A, and then to derive conclusions for example with respect to resolvent estimates (e.g. that A generates an analytic semigroup) and holomorphic functional calculi (e.g. that A admits a bounded H ∞ -calculus), the heat kernel e −tA and heat trace asymptotics, the counting function, and many other arguments.
This idea has been realized for a large number of different kinds of differential or pseudodifferential operators on various kinds of manifolds, including boundary value problems and operators on manifolds with singularities. Let us illustrate the most elementary approach for operators on smooth closed manifolds: If M is a closed manifold and F 0 , F 1 are two vector bundles over M let us denote by L µ cl (R + ; M, F 0 , F 1 ) the space of classical pseudodifferential operators of order µ ∈ R acting from sections into F 0 to sections into F 1 and that depend on a parameter 1 τ ≥ 0 that enters as an additional co-variable (for simplicity of presentation we focus in this introduction on the case of a real parameter τ , while later we shall admit a more general parameter space). This means that in local coordinates x (with corresponding co-variable ξ) the local pseudodifferential symbols satisfy estimates of the form Thus differentiation with respect to ξ or τ improves the decay in ξ and τ simultaneously. The phrase classical, indicated by the subscript cl, for us means that additionally a has a complete asymptotic expansion into components that are positively homogeneous with respect to (ξ, τ ); see Section 2 for more details. With any such operator one can associate a homogeneous principal symbol which is a bundle homomorphism
where π is the canonical projection onto M . Due to the homogeneity this homomorphismis is uniquely determined by its restriction to the unit-sphere bundle. In case of trivial bundles F j = M × C Nj this homomorphism can be identified with a smooth function on (T * M × R + ) \ {0} with values in the (N 1 × N 0 )-matrices.
An operator A(τ ) is called parameter-elliptic if its homogeneous principal symbol is an isomorphism. In this case one can find a parametrix B(τ ) of corresponding negativ order that coincides with A(τ ) −1 for sufficiently large large values of τ .
For example, τ 2 − ∆ with the Laplacian on M is a parameter-elliptic operator of order 2, and its parametrix/inverse is of order −2. However, note that one cannot proceed in this way when the Laplacian is replaced by a pseudodifferential (and non-differential) operator A. This is due to the fact that τ µ − A, µ = ord A, is not a parameter-dependent operator in the above described sense. To cover this case Grubb in [Gru85] introduced a more general calculus of parameter-dependent operators (actually in her book a parameter-dependent version of Boutet de Monvel's algebra for boundary value problems is developed, containing operators on a closed manifold as a simple special case) that she later in [GS95] together with Seeley further refined for studying resolvent trace asymptotics for pseudodifferential operators and certain non-local boundary value problems.
The main motivation for the present paper was to study the invertibility of operators of the form P 1 A(τ )P 0 for large values of τ and the structure of the inverse, where
cl (M, F j , F j ) are two zero-order pseudodifferential projections not depending on the parameter. Using terminology introduced in [Sch01] , we call such operators parameter-dependent operators of Toeplitz type. It seems that the approach of both [Gru85] and [GS95] does not apply in this situation, but can be suitably extended. In Section 4 we shall construct a calculus of pseudodifferential operators containing both parameter-dependent operators in the above described sense as well as operators independent of the parameter. We focus on the zero-order case, since in the applications we make use of order reductions. The operators in this calculus do not have a homogeneous principal symbol defined on the unit-sphere bundle in T * M × R + , but only defined outside the "north-poles" (x, ξ, τ ) = (x, 0, 1), x ∈ M . However, they have a particular structure near each north-pole: In polar-coordinates they have (generalized) Taylor asymptotics; see Definition 4.10 for details. The parameter-ellipticity in our calculus is characterized by the invertibility of the homogeneous principal symbol outside the north-poles, the invertibility of the first Taylor term (a symbol on the co-sphere bundle of M ), and the invertibility of a certain limit-family obtained as τ → ∞.
Parameter-elliptic operators possess a parametrix within the calculus that coincides with the inverse for large values of the parameter. Once established this calculus we then employ the general approach to the analysis of Toeplitz pseudodifferential operators developed by the author in [Se11] (which we review in Section 3) and derive the corresponding notion of parameter-ellipticity for parameter-dependent Toeplitz operators.
As we shall discuss in Section 5 the calculus of Toeplitz operators permits us to treat operators of the form
cl (M, F, F ) of positiv integer order and a projection P ∈ L 0 cl (M, F, F ) are covered (though such operators can also be treated with the calculus of [Gru85] ). In the present paper we focus on operators on closed manifolds but we hope to extend this concept in a forthcoming publication also to manifolds with boundary. In particular, this would allow us to treat the resolvent of operators like the Stokes operator and to develop an approach alternative to those used by Grubb as well as Giga [Gi81] .
Important notations
In this section we shall introduce some notation that will be used throughout the paper. With some fixed choice of 0 ≤ a ≤ b < 2π we set
(in applications Λ may also be identified with a sector in the complex plane via polar-coordinates).
2.1. Pseudodifferential symbols. With µ ∈ R and N 0 , N 1 ∈ N we let S µ (R n , R n × Λ; N 0 , N 1 ) denote the space of all functions a :
taking values in the complex (N 1 × N 0 )-matrices that are continuous and infinitely many times continuously differentiable with respect to (x, ξ, τ ) and satisfy uniform estimates
for any order of derivatives; as usual we have ξ, τ = (1+|ξ| 2 +|τ | 2 ) 1/2 . The symbol a is called classical if there exists a sequence of symbols a µ−j ∈ S µ−j (R n , R n × Λ; N 0 , N 1 ) which are homogeneous in the large of degree µ − j, i.e.,
The functions
are called the homogeneous components of a and a (µ) the homogeneous principal symbol of a. The space of classical symbols of order µ shall be denoted by
We shall also use symbols without parameter. The classes S µ (R n , R n ; N 0 , N 1 ) and With a ∈ S µ (R n , R n ; N 0 , N 1 ) we associate the pseudodifferential operator op(a) =
) between the spaces of rapidly decreasing functions that extends by continuity to a map between the standard Sobolev (Bessel potential) spaces, op(a) :
for arbitrary s ∈ R.
For convenience we shall frequently use the short-hand notations
in particular, the numbers N 0 and N 1 will be indicated only if necessary.
Occasionally we shall also make use of a version of the symbol class S µ where the symbols do not take values in a space of matrices but in a Fréchet space E; we shall denote this space by
smooth and satisfies uniform estimates
for any continuous semi-norm p on E and any order of derivatives. For example, we can consider a(
, the space of all smooth C N1×N0 -valued functions having bounded derivatives of any order.
2.2. Pseudodifferential operators on closed manifolds. We let M denote a smooth closed Riemannian manifold of dimension dim M = n. Using a partition of unity and local coordinates and local bundle trivialisations one can define the spaces L
1 ) of (parameter-dependent) pseudodifferential operators acting between sections into the hermitian vector-bundles F 0 and F 1 . The local operators have symbols as described in the previous subsection with N j = dim F j for j = 0, 1, while the spaces of global smoothing operators
consist of those integral operators on M having an integral kernel belonging to C ∞ (F 1 ⊠ F 0 ), depending continuously on θ and rapidly decreasing on τ in the case of parameter-dependence.
The local homogeneous principal symbols extend to globally defined bundle homomorphisms π * F 0 → π * F 1 , where π denotes the canonical projection T * M \{0} → M in case of operators without parameter, otherwise the projection (T * M ×Λ)\{0} → M .
Abstract parameter-dependent pseudodifferential operators
In this section we recall and summarize the concept of abstract pseudodifferential operators of Toeplitz type as described in [Se11] . We shall use a slightly modified and simplified notation.
3.1. Abstract pseudodifferential calculi. Let G denote a "set of admissable weights g" and set G = G × G. With any g ∈ G there is associated a Hilbert space H(g). With any pair g = (g 0 , g 1 ) ∈ G we associate a vector space L 0 (Λ; g) of "zero-order parameter-dependent operators" and a subspace L −∞ (Λ; g) of "smoothing parameter-dependent operators", where
and the smoothing operators, additionally, are assumed to vanish as |λ| → +∞. To emphasize the presence of the parameter we shall use notations A(λ), B(λ), etc. for the elements of L 0 (Λ; g).
If g 0 = (g 0 , g 1 ) and g 1 = (g 1 , g 2 ) are two pairs of admissible weights and g 1 • g 0 := (g 0 , g 2 ), then the (λ−wise) composition of operators is assumed to induce maps
for any choice of µ 0 , µ 1 ∈ {0, −∞}. If g = (g 0 , g 1 ) and g (−1) := (g 0 , g 1 ) then taking (λ−wise) the adjoint of operators is supposed to yield mapppings
Due to the vanishing at infinity of the smoothing operators, 1−R(λ) is invertible for sufficiently large |λ| whenever R(λ) ∈ L −∞ (Λ; g) with g = (g, g). We shall assume that the inverse again has the same structure, i.e., there exists an
for |λ| sufficiently large. This is equivalent to asking that there exists an
We shall assume that there exists a "principal symbol", i.e., a map
where E k (g) denotes a Hilbert space bundle 1 associated with the weight g ∈ G. The principal symbol is supposed to vanish on smoothing operators and to be compatible with addition, composition, and taking the adjoint. Moreover, the following are supposed to be equivalent:
) is parameter-elliptic, i.e., all maps (3.1) are isomorphisms. Due to the above described assumption on smoothing operators, for a parameterelliptic A(λ) we can find a parametrix which coincides with A(λ) −1 for sufficiently large |λ|.
Example 3.1. Let M be a smooth closed Riemannian manifold. Let the set G of admissable weights consist of all pairs g = (M, F ), where F is a smooth hermitian vector bundle over M . For g = (M, F ) we define
) denote the space of zero order parameter-dependent classical pseudodifferential operators acting from sections into F 0 to sections into F 1 as described in Section 2.2.
is the homogeneous principal symbol.
1 over some base manifold B k (g), locally modelled with a finite or infinite dimensional separable Hilbert space 3.2. Parameter-dependent operators of Toeplitz type. Let g = (g 0 , g 1 ) be a pair of admissable weights and
with j = 0, 1 be two projections, i.e., P j (λ) 2 = P j (λ). We then set
, is a projection then so is any associated principal symbol σ k (P ). Hence
The following theorem now holds true:
Theorem 3.2 (Theorem 3.18 of [Se11] ). Under the above assumptions the following two properties are equivalent:
In this case, one can choose a parametrix B(λ) in such a way that B(λ)A(λ) = P 0 (λ) and A(λ)B(λ) = P 1 (λ) for large enough |λ|.
Let us note that if we do not have equivalence of (L1) and (L2) but only that (L1) implies (L2) then (T1) implies (T2). Clearly Theorem 3.2 implies that
is an isomorphism for large |λ|, where we have used the notation
Note that H λ (g, P ) is a closed subspace of H(g) for any λ.
Example 3.3. We can apply the above construction to the parameter-dependent classical pseudodifferential operators on M as described in Example 3.1. However, in this way we cannot deal in a satisfactory manner with Toeplitz operators of the form P 1 A(λ)P 0 where at least one of the projections does not depend on the parameter. This is due to the fact that L
the space of bundle homomorphisms F 0 → F 1 . In the next section we develop a calculus avoiding this problem.
Let us also remark that Grubb in [Gru85] introduced a calculus that allows to consider fixed operators as parameter-dependent ones, but that the concept of parameter-ellipticity in this calculus requires positive regularity of the parameterdependent operators (we do not go into details here, but only mention that the regularity somehow measures the deviation of the parameter-dependence from the one described in Section 2) and fixed operators in general only have regularity 0.
A calculus of parameter-dependent operators on R n
In R n we have a ono-to-one correspondence between pseudodifferential operators A = op(a) and their symbols. For this reason we shall mainly work on the level of symbols. The composition of operators corresponds to the Leibniz product of symbols, defined by the (oscillatory) integral
while taking the (formal) adjoint of A with respect to the L 2 -scalar product corresponds to passing to the symbol
Note that both maps (a, b) → a#b :
4.1. A first calculus of parameter-dependent symbols. We begin with a first, "rough" calculus that will be refined later on. 
(note the order µ + 1 in (4.1)). We call a ∞ the limit-family of a. By S µ 0 (Λ) we denote the subspace of symbols with vanishing limit-family.
The calculus is closed under composition (Leibniz product) and taking the adjoint. The limit-family behaves multiplicative under composition.
Composition with the symbol ξ ν (both from the left or the right) yields isomor-
Let us remark that in the previous definition it would be equivalent to ask only for Lemma 4.2. Let E be a Fréchet space and let (a n ) be a bounded sequence in
with a constant C independent of (x, ξ) and n. This yields the claim.
The next lemma states that asymptotic summation is possible within the calculus.
Proof. Let K be R + ∪ {∞} the one-point completion of R + at infinity and
where C b (Λ) is the space of continuous and bounded functions on Λ. With a fixed zero excision function χ(ξ) we can choose a zero sequence (c k ) such that any series
converges both in S µ−ℓ (E 0 ) and S µ+1−ℓ (E 1 ) for any ℓ. Since taking the limit (i.e.,
with convergence in S µ−ℓ+1 (E 2 ). However we can modify (i.e., diminish) the c k in such a way that the above convergences remain valid and, additionally, the last series converges in C([a, b], S µ−ℓ ) for any ℓ. Hence we can take a = b 0 .
Example 4.4. Let a : Λ → S µ be continuous and bounded. Assume that a considered as a function with values in S µ+1 is continuously differentiable with respect to τ and that there exists a δ > 0 such that
In fact, (4.1) holds true if we set
(observe Lemma 4.2 and the comment given before).
Example 4.5. Let a ∈ S 0 cl (Λ) be a classical symbol of order µ = 0. Then a belongs to S 0 (Λ) and has limit-family
where a (0) is the homogeneous principal symbol of a. In fact, first it is easy to see that analogous symbols of order −1 belong to S 0 (Λ) and have vanishing limit-family.
Thus we can assume that a is homogeneous in the large, i.e., satisfies
Writing a(x, ξ, τ, θ) = a(x, ξ/τ, 1, θ) for τ ≥ 1, we see that the limit-family must be as stated if it exists. Moreover,
Using that ∂ ξj a ∈ S (Λ) such that
provided |λ| is large enough. In particular, 1 + r(λ) is invertible in S 0 for large |λ|.
Proof. Let us recall that set of invertible elements in S 0 form an open set and that inversion is a contionuous map (1 + r(λ)) −1 = 1 − r(λ) + r(λ)#(1 + r(λ)) −1 #r(λ).
Thus if χ(t) is a zero-excision function vanishing for t ≤ C then
is the desired element of S −∞ 0 (Λ).
2 In fact, S 0 is a Ψ * -algebra in the sense of Gramsch [Gra84] , and contuinuity of inversion is a consequence of a result due to Waelbroeck [Wa71] .
We shall call a ∈ S µ (Λ) parameter-elliptic provided the following two conditions hold:
(I) There exists a C ≥ 0 such that a(x, ξ, λ) is invertible whenever |ξ| ≥ C and |a(x, ξ, λ) −1 | ξ µ is uniformly bounded in x ∈ R n , λ ∈ Λ, and |ξ| ≥ C.
(II) The limit family a ∞ is invertible in S µ (pointwise for each θ ∈ [a, b]).
Note that in (II) we could equivalently ask that a ∞ is pointwise invertible as a map
Proposition 4.7. Let a ∈ S µ (Λ) be parameter-elliptic as described above. Then we can choose a zero excision function χ(ξ) vanishing for |ξ| ≤ C such that b(x, ξ, λ) := χ(ξ)a(x, ξ, λ) −1 belongs to S −µ (Λ) and both a(λ)#b(λ)−1 and b(λ)#a(λ)−1 belong to S −1 (Λ).
Proof. Without loss of generality µ = 0. Let a ∞ ∈ S 0 be the limit-family. The continuity of inversion in S 0 yields the existence of a D ≥ 0 such that a ∞ (x, ξ, θ) is invertible for |ξ| ≥ D with inverse uniformly bounded in (x, ξ, θ). By enlarging one constant or the other we may assume
This implies that b(τ, ·) (Λ) and vanish for large enough |λ|. In particular, a(λ) is invertible in S 0 for sufficiently large |λ| with
Proof. Using the previous proposition and the usual von Neumann argument together with Lemma 4.3 we can construct a parametrix b ′ modulo S −∞ (Λ). With r(λ) = 1 − a(λ)#b ′ (λ) we then have r ∞ = 1 − a ∞ #b ′∞ . Hence, using (II),
is a parametrix modulo S
and
It remains to apply Proposition 4.6 to finally obtain the desired parametrix.
Example 4.9. Let a ∈ S 0 cl (Λ) be a classical symbol of order 0. Then parameterellipticity in the sense of (I) and (II) is equivalent to the usual parameter-ellipticity of classical symbols, i.e., the principal symbol a (0) is everywhere invertible and there exists a C such that
Note that the latter estimate is only a condition for |x| → ∞ and can be omitted for example when a (0) is constant in x for large |x|.
The calculus described above is complete but still not suited for our purposes, since the ellipticity condition (I) not only asks the invertibility of a certain principal symbol but also requires an estimate on the inverted symbol. Our next aim is to single out a subcalculus in which (I) can be replaced by a condition avoiding such kind of estimates.
A class of homogeneous symbols.
We describe here a class of homogeneous (in the large) symbols not only containing S 0 cl (Λ) as a subclass but also homogeneous symbols which are constant in the parameter λ. For convenience of notation we now consider symbols independent of the x-variable and assume that Λ = R + (so there is no angular variable θ); the general case is completely analogous, cf. Remark 4.12 below. Let
be the closed upper semi-sphere in R n+1 and, with n := (0, 1) the "north-pole",
respectively φ = ξ/|ξ| and ρ = arccos τ . Moreover, we let C ∞,γ ( S n + ), γ ∈ R, denote the space of all smooth functions a on S n + having the property that
Definition 4.10. We say that a ∈ C ∞ ( S n + ) has (generalized) Taylor asymptotics at the north-pole n if
for suitable a j , where ∼ means that, for any ℓ ∈ N,
The space consisting of all such functions we denote by C
a(sin ρ · φ, cos ρ).
In particular, if a ∈ C ∞ (S n + ) is smooth on the whole upper semi-sphere then
is constant in φ and coincides with the value of a in the north-pole n. 
Proposition 4.14. a(ξ, τ ) as in (4.5) is a smooth function satisfying, for any α ∈ N n 0 and k ∈ N 0 , the uniform estimates
Proof. (i) Consider the case a(φ, ρ) = ρ, i.e.,
Choose a zero-excision function χ 1 (ξ, τ ) such that χ 1 χ = χ. Then
The first factor is a symbol in S 1 , while the second is a symbol in S −2 cl (R + ). This yields (4.6) in case k ≥ 1. Moreover,
is a product of a function positively homogeneous of degree 0 in ξ and one of degree −1 in (ξ, τ ). We obtain (4.6) in case k = 0. By Leibniz rule then (4.6) also holds for a(φ, ρ) = ρ j with j ∈ N.
(ii) If a(φ, ρ) = a(φ) then a(ξ, τ ) = χ(ξ)a(ξ/|ξ|) is a symbol in S 0 and (4.6) is valid.
(iii) Let r ∈ C ∞,ℓ+1 ( S n + ) and A be a differential operator of order k on S n + with smooth coefficients. In polar-coordinates A takes the form
Therefore A r = O(ρ ε ) for any A of order k < ℓ + 1. We conclude that r ∈ C ℓ (S n + ). It follows that χ(ξ) r (ξ, τ )/|(ξ, τ )| satisfies (4.6) provided |α| + k ≤ ℓ.
(iv) To complete the proof it remains to combine (i)-(iii) with the expansion (4.4) which is valid for arbitrary ℓ.
Theorem 4.15. Let a(ξ, τ ) be as in (4.5) with a as in (4.3). Then a ∈ S 0 (Λ) with
Proof. Due to Propsition 4.14 we only need to verify the existence of the limit-family. Obviously we may assume that a 0 = 0 and then show that the limitfamily is zero. Since a 0 = 0 we have a = ρ b with b ∈ C ∞ T ( S n + ). If we associate b with b then b ∈ S 0 (Λ). Therefore it suffices to assume a = ρ and show that the limit-family exists and equals zero. In this case observe that
converges to zero uniformly on compact subsets of R n as τ tends to +∞. Since arccos is bounded it follows that, for α = 0, 
, cf. Remark 4.12. Moreover, we assume that a is constant in x for large |x| (this assumption is devoted to the non-compactness of R n ).
Definition 4.16. We define S 0 w-cl (Λ) as the subspace of S 0 (Λ) consisting of all symbols a for which there exists an a (0) ∈ S (0) (Λ) such that
for some (and then for any) zero-excision function χ. We call a (0) the homogeneous principal symbol of a. The associated symbol a
0 , the leading term in (4.3), we shall refer to as the angular symbol of a. Recall from Remark 4.11 that (4.10) a
0 (x, ξ, θ) = lim ρ→0 a (0) (x, sin ρ · ξ, cos ρ, θ) (|ξ| = 1).
4
The subscript w-cl stands for "weakly classical". The homogeneous principal symbol is well-defined (i.e., uniquely determined by a) and thus is the angular symbol. We shall call a ∈ S 0 w-cl (Λ) parameter-elliptic provided the following two conditions hold: (S1) Both the homogeneous principal symbol a (0) and the angular symbol a Recall that (S1) is equivalent to the invertibility of a (0) in the class S (0) (Λ). It is then clear that (S1) implies the ellipticity-condition (I) of Section 4.2 (with µ = 0) and we obtain a parametrix that coincides with the inverse for large values of the parameter: 
Weakly classical operators.
In the previous sections we worked exclusively on the level of symbols. We now pass to the corresponding spaces of pseudodifferential operators and write
Similarly we obtain the space L −∞ 0 (Λ; R n , N 0 , N 1 ) using smoothing symbols.
which has three components: The first component, σ 1 (A), is the homogeneous principal symbol of a, considered as a bundle morphism
The second component, σ 2 (A), is the angular symbol of a, considered as a bundle morphism
The third and last component, σ 3 (A), is the operator-family associated with the limit-family of a, considered as a bundle morphism
4 Note that with a (0) also a (0) 0 is independent of x for large |x| 5 by considering an (N 1 × N 1 )-matrix valued function on some space X as a bundle morphism between the trivial bundles X × C N 0 and X × C N 0
We can now apply in this setting the abstract approach described in Section 3 and obtain resulting classes of Toeplitz operators
with the corresponding definition of the principal symbol.
4.6. Weakly classical operators on smooth manifolds. We finally indicate how to modify the above constructions to deal with operators on a smooth closed Riemannian manifold M of dimension n. With hermitean vector bundles F 0 and F 1 over M we define L µ (Λ; M, F 0 , F 1 ) as the space of all continuous and 
where π denotes the canonical projection onto M . Furthermore, the local angular symbols of A(λ) globally yield a morphism (4.12)
where π 1 is the canonical projection of the co-sphere bundle onto M . The limitfamily we consider as a morphism (4.13)
between trivial bundles. Parameter-ellipticity of A(λ) means bijectivity of all three morphisms σ j (A). Again we can apply the abstract approach of Section 3 to obtain resulting classes of Toeplitz operators
where
w-cl (Λ; M, E j , E j ) for j = 0, 1, including the corresponding notion of principal symbol and parameter-ellipticity.
Applications
We shall discuss two applications. For both we shall need the following lemma:
, and a(λ) = r 1 (λ)#p#r 0 (λ). Then: a) For any order of derivatives, a(λ) satisfies uniform estimates
belongs to S µ (Λ; N 0 , N 1 ) and has limit-family
where r ∞ j (x, θ) = r In fact, first we may assume that r j is homogeneous in the large of order µ j , since the lower order terms due to a) yield elements in S µ (Λ) with vanishing limit-family. Then we can write, for τ ≥ 1,
and derive similarly as in Example 4.5 and using a) that τ 2 ∂ τ a is bounded with values in S µ+1 . It remains to apply Example 4.4.
Classical operators in projected subspaces
cl (Λ; M, F 0 , F 1 ) be a classical pseudodifferential operator of order µ ∈ R and P j ∈ L 0 cl (M, F j , F j ), j = 0, 1, be two pseudodifferential projections not depending on the parameter λ. Setting
we want to derive a criterion ensuring the invertibility of (5.1)
for sufficiently large |λ|. In fact, this will be a consequence of Theorem 5.2, below.
Let us denote by a (µ) and p (0) j the homogeneous principal symbol of A(λ) and P j , respectively, and, with π and π 1 as in (4.11) and (4.12), write
Theorem 5.2. With the previously introduced notation assume that the following mappings are isomorphisms:
as a bundle homomorphism π *
such that P 0 B(λ)R(λ) P 1 is the inverse of P 1 A(λ)P 0 for sufficiently large λ.
cl (Λ; M, F 1 , F 1 ) be a reduction of orders, i.e., there
and, due to Lemma 5.1,
Obviously, P 1 (λ) is a projection. The assumptions (1), (2) and (3) in Theorem 5.2 now imply that
is a parameter-elliptic Toeplitz operator (the homogeneous principal symbol and the angular symbol are covered by (1) and (2), respectively, while (3) covers the limit-family, cf. Lemma 5.1.b)). Thus we find a parametrix
that coincides with the inverse for large parameter. Then
for large |λ|, as well as
Hence P 0 B(λ)R(λ)P 1 is the desired parametrix.
5.2. The resolvent of classical operators in projected subspaces. Let A ∈ L µ cl (M, F, F ) be a classical pseudodifferential operator of integer order µ > 0 and P ∈ L 0 cl (M, F, F ) be a pseudodifferential projection. We consider the densily defined, unbounded operator (5.3)
where s ∈ R is arbitrary and C ∞ (M, F, P ) := P C ∞ (M, F ) , and want to study its closedness as well as the existence and the structure of its resolvent.
Let us define
6 To be precise: If A ′ (λ) := P 1 A(λ)P 0 and B ′ (λ) :
(Λ; M, (F 1 , P 1 ), (F 1 , P 1 )) vanish for large |λ|.
and let R(λ) ∈ L −µ cl (Λ; M, F, F ) be a reduction of orders with inverse S(λ) ∈ L µ cl (Λ; M, F, F ). Moreover, let a (µ) , r (−µ) and p (0) denote the homogeneous principal symbol of A, R(λ) and P , respectively.
Theorem 5.3. Assume that
is an isomorphism for any λ = (τ, θ) ∈ Λ. Then there exists a B(λ) ∈ L 0 w-cl (Λ; M, F, F ) such that P B(λ)R(λ)P is the inverse of P A(λ)P for sufficiently large λ. Proof. The proof is very similar to that of Theorem 5.2; the main difference is that A(λ) has a special form and, in general, does not belong to L Defining the projection P (λ) = R(λ)P S(λ) and using Lemma 5.1 we then see that the assumption of the theorem implies that P (λ) A(λ)P is a parameter-elliptic element of L 0 w-cl (Λ; M, (F, P ), (F, P )). It therefore has a parametrix of the form P B(λ) P (λ) that coincides with the inverse for large |λ|. The theorem follows.
With help of this theorem it is easy to derive as a corollary the following result on the operator A P . Given the strip Λ let us write Λ ∧ = {z = τ e iθ | (τ, θ) ∈ Λ}.
Theorem 5.4. Let a (µ) and p (0) be the homogeneous principal symbol of A and P , respectively. If
has (fibrewise) no spectrum in Λ ∧ , then A P has a unique closed extension, given by the action of A P on the domain H s+µ (M, F, P ). Denoting this extension again by A P , the resolvent (z − A P ) −1 exists for sufficiently large z ∈ Λ ∧ and satisfies the uniform estimate
with some constant C.
In fact it is clear that H s+µ (M, F, P ) belongs to the domain of the closure of A P . Now let u belong to the maximal domain, i.e., both u and A P u = P AP u belong to H s (M, F, P ). With the notation of Theorem 5.3 it follows that u = P B(λ)R(λ)P (P A(λ)P u) ∈ P B(λ)R(λ)P (H s (M, F, P )) ⊂ H s+µ (M, F, P ).
Hence the closure and the maximal closed extension coincide and have domain H s+µ (M, F, P ). The stated norm estimate follows by writing z = τ µ e iθ and using that then for large τ . Then P D(τ )P is the inverse of P (τ µ − A)P for large τ .
